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oobooobooobooobogobsooboogooooooobooooboobogoon
gboboboooobobobobooboobooboboobooboooooboobon
gbooboogooood

5.1 JUO0dooouooooon
{y,}000000000OO00DOOOOOOODOO

Definition 2. 00O
poooo nah'atla"'7tTLDDDDDyt17"' »Yt, U Yti+hy " 7ytn+hDDDDDDD
0000 {y 00000000000

ubogbgooboooboboobuooboooboobobbooobooooboooboo
goog

Definition 3. 10 0000000000000
000 (a), (b)00000000{y} 00000000000
(a) 000 E(y)=p0¢t0000000
(by0OO E{(y —p)(y—s —p)} 0 sD0OO0OO0O0 ¢+0000000

vs = E{(yt — )(ys—s — )} 0 {:} 0 s00000000000s=0000v%0 y
00000000005 =4.,000000000p,=7:/70 {%)}0s000000
oooooo

0000000000000000000000000000000000000000
0000000000 +00000000000000000 T, =E{(Y;—u)(Yies—p)'}
0sO0000000t00000000000000000 {¥}00000000000
000000000000000000000000000 T T,=1",0000

Definition 4. 00 00000000000000
00 (a), ()00 00000000000000O0000
(a) E(e) =0

02 whent=-s

b) E(ees) =
(b) Bleres) 0 otherwise

000(), (b)0000 {¢0000000000000000000000000
000000 (b)0 E(ee,) = Q> 0), E(eqel) =0(t £s) 0000000

5.2 MA (moving averagél] 00O ), AR(autoregressior 0 000 ), ARMA
0on

0000000000000000000000MAOAROARMAOOOOOOO {g}
000000000000 {y}0 &, -, ,00000

Yyt =cH+ e +Pre_1 F oo+ FPge_y, Pg #0 (45)

000000000 {y}0 MA(QDDODOOOOOOO0000{y}0 g1, ,y—p 0
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Yt =cH+ Pryi—1 +doyr—2+ -+ dpyi—p + e, dp #0 (46)
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Yr=c+ Pryi—1 + oyi—o+ -+ dpli—p + € + Yr€1—1 + P20 + -+ Pge—q  (47)
000000000 {y} 0 ARMA(p,q) D0O0OD000D00000 ¢, £0, ¢y # 00
ggno

kOOO0OO00000000O00000¢ 0 kO00000000DO0OO0O0 kExkOOO
ggdno

5.3 MA(0)

000000000000 0000OMA,AR,ARMAOCOOOOOOOOOOOOOOMA(q)
Ugqlocl0O00000O0OO0O0DOOOOOOOODOODOOODODOOOOOOODOODOO
g —>oo0000000OMA(q)UUOOOODODODOOODOOOODODODODODOODOOOO
MA(co) DOODODOOO0DOOO0O0OO0O0DOOO0O {¢;}0 absolute summability

o0
> bl < 00
i=0

ooo0oo0oo0oboo0o0o0o0odbD y —-ooO00y; 000000000000
O0k000000000004%,0kxk000000000000 absolute summability
00000000004, 0¢; 00 k1000000

oo
Z|1/ijl| < oo for allk,l=1,---,p
j=0
Theorem 15. (Fuller (1976), Introduction to Time Series Analysis, Theorem 2.2.1,

p-29)
00 {30 2%, 4] < 000000 E(ZY) <K <oo000000000000

ooob0 x,goooog

2
n
EQX =Y %7 — 0asn— oo
j=0
E(X?) < o0
0000
000¢ 0000 E|Z||Z] <{E(Z})+ E(Z})}/2<KO00OO0O0O00j - o000
0¢; - 00000000e>000000Y2,(¢]<+¢/KOOD0D00NDOODD
000000¢t000000nr>m>NDOOOODO

B> iZj—Y ¢iZj| = E| Y, ¢iZ
=0 =0 j=m+1
n n n
< Y Bz )+ Y S WwledB(Z1Z)
j=m+1 j=m+1t=m+1
n n n
< | DD wi+ YD D Wl | K
j=m+1 j=m+1t=m+1
2
o0
< DIl K<e
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Proposition 1. (Hayashi (2000), Proposition 6.1, p367)
{}000000000{¢;}0 absolutely summable 000000000000

o0
ye=p+ Y Piej (48)
=0
googoon

(a) {y,} 000000000 Theorem 150000000 MA(co) 00000
(b)) y, 0000000000 v = Cov(ysyi—j), j=0,1,2,--- 0000000000

E(y) = p

o
Vo= Y ikt
k=0

(c) {vj} O absolutely summable 0 00 O
(d) 00 {¢}00000000000O0{y}000000000OO0OOOO

0000 000000 €,;00000000onesided 000000000000
000000000 y=p+Y32 #e,0000000000

0000 Theorem 150 Z 000000000000 000000 0 Proposition
1(a),(b),(c) 000000000000 proposition 1 0 0000000000000

Proposition 2. (Hayashi (2000), Proposition 6.2, p.369)
{z;} 0000000 {h;} O absolutely summable 000D O0O000O

()0 ¢t0000
(e.@)
Y = Z hjzy;
=0

O0ooooooo{y}000D000OD0OO
(b)) 00 {z,} 0000000 absolutely summableD 0 O{y,} 0000000 absolutely
summable 0 0 0 0O

0000000000000 000MA(0)0 0000000 OOOOODODODOO
goobooo

E(y) = B(u+ Y tjer—j) =pn+ Y $Ble—j) = p
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AR(p), ARMA(p,q) 00 DO00O0O0D0O0ODOO0OD0OOODOODDOOODODOOOOOOO
gboobooobooaood

Definition 5. 0000000 L
oooooobobooo roboboooboooboboooboob Ly =2z, 0000

uboogbooobooboboboonod
e ¢ J0UO0OUOOLa=a

o [P0y =L(Lz)) = La;_y =2, 20000 000000000 Loy =LY Lay) =
Lj_lxtfl — .. = xtij

0ooooooo
ARMA(p,q) 000 (47)00000000000000

ye=c+dpr1Ly, + -+ dpLPy + €, + 01 Leg + - - - + 0, L%
ggoobobbobobobbodoooouobobobodoooon
(1—pL—- —ppLlP)yy=c+ 1+ 6L+ - +6,L%e

O(L)y: =c+ O(L)e

®(L)y=1—¢L—---—¢pLP,O(L)=14+6,L+---+60,L70000000000000
000O00000000000O
oooooooooO
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a(L) = ag+oy L+ L?+--+, B(L) = Bo+B1L+po L?+---, 0000L0000000
D000 «(L)xp(L) 00000000 LJO00O0 §00008L) =do+01 L+02L2+- -
0ooooooooo

§(L) = a(L)B(L)
000000000000000000000000000000000000
o a(L)B(L) = B(L)e(L)

e {a;}, {B;} O absolutely summable D00 {2} 000000000 «(L)B(L)z: O
U0000o0b0ob00oOobogOproposition20 00000000

a(L)B(L) = o(L) = a(L)B(L)x; = 6(L)z
000000000{¢;} 0 absolutely summable 0 O O O

000000000 inverse
a #00000a(L)B(L)=10000 B(L)0 «(L)0 inverse 000 0B(L) = (L)t
000000000000y #0,B8#0000

a(L)a(L) ™ = (L) (L)

(L)Y (L) = §(L) & (L) = ®(L)"'6(L) & (L) = §(L)¥ (L)~
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L : 1 —d19po=0
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00000000000000k0000

() =1— 12— poa® — -+ — ¢pa? =0 (50)

0000000000 100000000000000k000000000000 ¢1,-+-, ¢
00000 kxkOOOOODOOODOOUOOOUO|-|DOO0OO0OO

|®(z)| = I, — 17 — pox® — -+ — ppaP| =0
J00o0o0ooogo 1ggoooooggono
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Proposition 3. (Hayashi (2000), Proposition 6.3, p37})
O0®L) =1—¢1L—l?—-—¢,[PO00000000ODODODOODO¥(L) =
L) ' =1+ L+apl?+y3L3+--- 000000000 5=0,1,2,--- 0000

|1/1]| < Abj

000000 A>0b€e(0,1)D0000O0ODOOOOO0
7=0 7=0

0000 {y;} 0 absolutely summable 1 0 O O

0000 00p=100000000¢,;=¢/ 0000000000
000000000000000 Proposition d Proposition 10000000 AR(p),
ARMA(p,q) 00000000

5.5 AROUOUOO ARMAOOQO

ARO ARMAOOOOOOOOOO0OO0OODOOCOOO0OOOOCOOOO0OOOOOO
goobooboobobobobobobuoobooboobooboobboooboo

5.5.1 AR(1)O MA(c0) 00O
000000000000 AR(L)

Ye=c+ oy +e (51)
o000 00O00D0ODOO0O0O0O0ODO0O0O0O0On

(1-¢L)ys =c+ ¢
000¢#100 u=c/(1-¢)0000

(L=¢L)(y —p) =&

ooooo
000|¢l <1000
y—p = (1-¢L) e
= (1+¢L+¢*L>+ L+ )&
e .
= Z ¢]Et7j (52)
j=0

00000|¢l <100 {1,¢,¢?%, ¢>,---} O absolutely summable O 0 0 [0 Theorem 15 [
0000000000000 000 Proposition 1(b) 00 E(y,) = 0000
000|¢/>1000

Yy —p=¢ (yYyrr1 — 1) — ¢ e
gooooogoon
o0
y—pn=—Y ¢y, (53)

J=1
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obooooboooooobobooobogob y000on

Yy = Cct+Yi1+te
= ct(ctypotea 1)te=2c+y 2+e+e 1
2c+(cH+yr3+e9)teat+e1=3cty st+e+e1+e 9

= jetyrjteate1te ottt

000000000000000

0000 {y}0000000000000

(i)c£0000

E(e) =000 E(y) = je+ E(y,—;) 0000000000 BE(y) = E(y—;) 000
O0je=0000000000000000 j00000000000c¢=000000
oooo

(i) c=0000

Yt —Yt—j =€ T €1 T €2+ -+ €511
ogoooooooooood
Var(y:) + Var(yi—j) —2Cov(ys, yi—j) = jo?
000000 Var(y) = Var(yi—j) = 0 Cov(y, yi—;) =y, 0000
2(v0 — ;) = jo’

D00D00j000000000 p;j=1-£40000;0000000000;>%
0000000000000 p;<-10000000000000000000000

OD000000 |¢|<1000000 AR(1) 00000000000 00]¢|>10
0000000000000 (51)0000000000000000000000000
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000000000000000MO00000000 E(y) =0, Var(ye) = o?/(1 — ¢?)
0000000 »wO000000000000000 00000((GL)0000000
O y,y0,--- 00000000000000000000O000D0O0000ODOO0
e, t=1,2---00000000000 (53)0000000000y000000000
000000000 G3) 00000000000y 0 €41,€42,€643,--- 00000000
000w, 00000 00000000000000000O00O0O0O0O0DOOO0
0000000000000 000000000000000000000000000
O0000000000000000000000 «e00000000000000O0
00000000000000000|¢|>1000000000000

5.,5.2 00 AR(1)0000O00O0O0O0OOOOO

MA(co) OO (52)000000¢, t=1,2,--- 000000000000000 AR(1)O
0000000000000000000
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O0000000000000 Yule=Walker 00000000000 O0O0O0O0OOOO
00 p=00000y=d¢y14+¢0000 y,y—jre(j=1,2---)000000000
o

E(y}) = ¢E(y-1yt) + E(ey)
E(yyi—j) = ¢E(yi—1yi—j) + Eleryi—j)
E(eyr) = ¢E(eyi—1) + E(€})

OD000E() =0c’0E(eqy—j) =00000
Y = ¢n+o’
Yi = ¢7j—13 j: 1723"'

O0O000d00 Yule=Walker UOOO0ODOO0O0OODOOOOOO j=100000 vy,m1 0
ooooobooboongd v,ys,---0obgoono

5.5.3 AR(p)0 MA(co)ODODODOOOODO
551000000000000 AR(p)

yr=c+oryr-1+ Qayr—2+ -+ Ppyrp + €&
goooooooooooooooao
L)yt =c+e (54)
(L) =1—¢1L — ¢oL? —--- — p,L”
ooon

Proposition 4. (Hayashi (2000), Proposition 6.4, p.379)
®(L)000000 (50)0000000
(a) (5/)000000000000 MA(oo)O O

yr = p+ ¥(L)e

V(L) =@(L) ' =14+ L+ poL? + p3L° + - --
00000000000 j=0,1,2,--- 0000

;| < Aob}

000000 Ay >0,bp€(0,1)00000000 {4} 0 absolutely summable 0 0 OO
(h) Bly) = p = ()"0 000
(¢)0000 j=0,1,2,--- 0000

[yl < Aiby
000000 A4 >0, €(0,1) 00000 {v;} O absolutely summable 0 000

(a) O Proposition 3000000000 (b) O Proposition 1(b) DD OO0O0O0O0OO
(¢) O (a) O Proposition 1(b) 0 000000000000 000DAR()0DOOODO
MA(oco) OO OOOO Yule=Walker 00 0000000000000 0OMA(c0)00OO0
0000 {¢;}00000000540000000000000000000000

36



5.5.4 ARMA(p,q) 0 MA(co) DOODOOO000

ARMA(p,q) 000 (470000000 &(L)=1—¢1L—---—¢,LPOO(L) = 146, L+
- 460,L10000
(I)(L)yt =c+ @(L)Et

00000000®(1)£00000p=¢/®(1)000

(L) (yr — 1) = O(L)ey
0000

Proposition 5. (Hayashi (2000), Proposition 6.5, p.381)
¢(z)0000O000OOOOOOO
(a) ARMA(p,q) 00000000000

ye = p+ V(L)e

U(L) = ®(L)'e(L)

0000vY(L)0D00 {y;}000000000000000DO00O00OO0000 ab-
solutely summable 0 0 0 0O
(b)), 00000 E(y) =p=c¢/®(1)0000
(¢)D0ODD0DO{y}0000000O0O0O0O0ODO0O0O0ODO0O0O0O0O0O00O0O0O0 absolutely
summable 0 0 0O 0O

D00 AR(p) J000DO00DD0D (a) O Hayashi(2000, p381-382) DO O (b), (c)
O Proposition 1(b)0 (c) DO ODOOOOOO

ARMA(p,q) DO OOOOO Proposition 5(a) 0 MA(co) DODOODODOAR(p) OO
00 Yule=Walker 0000000000000 0OBG(:)0000000O0O0OODOO
ARMA(p,q) 0000000000000 0D000ARMA(p,q) 0 AR(co) 000000

O(L) @ (L)y: = + €

_°
o(1)
O00000O00OMA(q) 0 ARMA(p,q) U0 AROODDOODOOOODODOOOOOOOOO
0MA(qOOOOODDOOOOOOO

5.6 UUUOOODOOOO

AR(p), MA(q), ARMA(p,q) 0000000000000 O000O000O000O0000O
O000000000000C00O00AR(p)0000000O000000O000 OLSO
ODO0O0DOOO0ARMA(p,q) 000000000000 0000000000000O000
00 OLSO000000000IVOOOOO0O000000000MA(g),ARMA(p,q) O
0000000000000000000000000000000000000000
0pq000000000000000C0O0O0O0O00MA(q)DO0000O0000000O
0000000000 q000000000000000000000000 AICOOO
0000000000000000000000000000000000000000
000000000000

37
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J=+> 0000
gdooooad
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Lemma 3. {S;} 00000000 limj_, S; —SDDDDhmT_)ooTZT S;=s00
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0000
00000000 e>00000000007,000000000;>7,0000
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J=1 J=1 Jj=To+1
1 o €
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o000 00
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000000000000 7,00000000000000000000000000
0e>0000000000 Th00000T >;>T,0000000 j,70000
|Z£¢M<emDDDDDDDDD

T

P Y 1wl

j=To+

D00000000000000000000070000;€[L,T]0000 | ;a <
M<ooOOO M>00000000000000007T00000
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Theorem 16. (Hayashi, Proposition 6.8, p/01)

{»,}00000000 E(y) = p0 Cov(ys,yi—j) =, 0000

(@) 00 limj 0oy =0000¢ ™ pas T — oo

() 00 {y;} O summable 0 0 Olimy 00 Var(VTg) = 332 7 =%+2 52,7 <
00

oooo
() 0000000000

1 T T
Var(y) = ﬁZZCov(yt,ys)
) tTls 1 1 .
= —222001) Yty Ys) —ﬁzvar(yt)

T
= Z tCov(yt, ) T2 ZVCW" Yt)

9 T
?Z |Cov(y, §it)|

IA

00000000000 =4+ ,50000

1
1Co0(ye, 1) = tC00(ye, 7 (1 + -+ ) = Y Covlyr, s)

O0000o0o0ooooooo t/TSlDVar(yt)>0DDDDDDDDDlimjﬁooyjzo
O000t—=o00o000 Lemma 300

Cov(ys, Jt) ZW’J —0

00000 |Cov(y,4)| - 0000000000000 Lemma 300000

T
Z|COU Y, yt)| = 0
=1

00000000 Var(y) 000007 pas T — ool
(b)

TVar()) = By — 1)+ e — ) 4+ b — ) lr — )+ (o —0) 4+ (o

1
= g +2(T = Oy +2(T = 2)72 + -+ +4yr—2 + 2971}
T-1
= w+2y (1-3
=1
T-1 T-1 _]
= WH2) % -2) 5
j=1 j=1
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D000 {y} 0 summable D000 Lemma 400 T — oo 000 Y 5 4y — 000
0ooooo

o
Var(VTy) :’yo+227j < oo
i=1
ooood
0 0 O summability 0 absolute summability UOD OO OO0 O000O0O0OOOO0OOOO

gbboboobooboooboboobooboobobobobbobbooobooan
gooooboogo

gbogoboobobbobooboobbooboboooon

Theorem 17. CLT for MA () (Hayashi, Proposition 6.9, p402)
fur} O MA(o0) 0D
yr =+ U(L)e
O000O{¢}000000000O0O0DODOO0OODOOOOO

oo

VTG-S NO, S )

j=—00
Gordin(1961) 0000000000000 OOOOOOO

Theorem 18. Gordin (Hayashi, Proposition 6.10, p404)
(4+}000000000000000000L = (y4-1,yes,---) 0000000
goooooooooo
(a) B(y?) < oo
(b) E(yelI—j) = 0 as j = oo
(c) rij = E(ye|l1—j) — E(ye|I;—j—1) 0000

o0

S{EE))E <

§=0

goooo

oo

VTG-S NO, S )

j=—00
0 O Omartingale difference 0 0 0000000000000 00OO (Billingsley, 1961)0

Theorem 19. Martingale CLT (Hayashi, p.106)

{v,}000000000000O0 martingale difference 000000 Var(y) =20
goooooooooo

VT(G — ) % N(©0,%), p=0
5.6.2 AR(p)000000O

AR(p) 000000 OLS, YuleWalker 1 0000000000 0000000000
000 OLS
{¢)0000000000000AR(p)OOO

Yo = Cc+ Py 1+ Payp o+ Gpysp + €& (55)
= Pzt
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O0mO0000% = (L, yt—1, - ,yt—p) 0 t—100000 innovatione;—1,€—2,--- O
goooooooooooooool 0o ooonoooooooon
DDDDDDDDDIB:(C,(ﬁl,---,gbp)'DDDDDDDDOLSDDDDDDDDDDD|:|
do0oopoooooLsoooad

¢
W oz :
p=1 . | =( Z wpwy) Z TtyYt
: t=p+1 t=p+1
Pp

goog
Proposition 6 U0 0D 000 0O0O0OOOOOODOOOOOOODOODOODOO

Remark 1. 0000000000000 O0OOOODOOOOKarlin and Taylor (19750 A
first course in stochastic processes, 2nd ed., Remark 5.3, p.488)
{z,} 0000000000000 DOO0O0O0O0O0D 00000y = ¢(x, Teg1,--+)
gooooooooooo
000 Stout(1974, Almost sure convergence, p.182)0 0 0000000000000
0 White(19990 , Asymptotic Theory for Econometricians, Theorem 3.35, p.44)0

Proposition 6. (Hayashi(2000), Proposition 6.7, p393, Fuller (1976), Theorem 8.2.1,
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